In this article we have studied on lacunary I-convergent sequences of fuzzy real numbers. We verify and establish some algebraic properties such as linearity, symmetric, convergence free etc. and also established some other results.
Introduction
The concept of fuzzy set was introduced by L.A. Zadeh in 1965. Later on different classes of sequences of fuzzy numbers have been introduced and studied by some researchers in the recent past. The notion of fuzzy numbers has been applied by the researchers for studying sequences spaces from different aspects. Recently works on sequences of fuzzy real numbers has been done by Altinok, Altin and Et [1] , Altin, Et and Colak [2] , Altin, Mursaleen and Altinok [3] , Bilgin [4] , Savas [11] , Tripathy and Baruah ( [14] , [15] , [16] ), Tripathy and Borgohain [16] , Tripathy and Dutta ( [17] , [18] ), Tripathy and Sarma [24] and many others.
A fuzzy real number X is a fuzzy set on R, more precisely a mapping X : R → I(= [0, 1]), associating each real number t with its grade of membership X(t), which satisfy the following conditions:
(i)X is normal if there exists t 0 ∈ R such that X(t 0 ) = 1.
(ii) X upper-semi-continuous if for each ε ≥ 0, X −1 ([0, a + ε)), is open in the usual topology of R, for all a ∈ I.
(iii) X is convex, if X(t) ≥ X(s) ∩ X(r) = min(X(s), X(r)), where s < t < r.
The class of all upper-semi-continuous, normal, convex fuzzy real numbers is denoted by R(I).
The set of real numbers R can be embedded into R(I), since each r ∈ R can be regarded as a fuzzy numberr given bȳ r(t) = ½ 1 for t = r, 0, for t 6 = r.
The additive identity and multiplicative identity of R(I) are denoted by0 and1 respectively.
The α-level set of a fuzzy real number X is defined by
It is can be easily verify that (D, d) is a complete metric space.
Consider the mappingd :
Clearlyd define a metric on R(I) and (R(I),d) is a complete metric space.
A fuzzy real-valued sequence (X k ) is a function from the set of natural numbers into R(I). It is denoted by (X k ), where X k ∈ R(I), for all k ∈ N .
The set E F of sequences taken from R(I) is closed under addition and scalar multiplication defined as follows:
Let E F be the class of sequence of fuzzy real numbers, the linearity of E F can be understand as follows:
A sequence (X k ) of fuzzy real numbers is said to be convergent to the fuzzy real number X 0 , if for every ε > 0, there exists
A sequence (X k ) of fuzzy real numbers is said to be bounded if sup kd (X k ,0) < ∞, equivalently, if there exist R * (I) such that |X k | ≤ µ for all n, k ∈ N , where R * (I) denotes the set of all positive fuzzy real numbers.
Definitions and Preliminaries
A sequence (X k ) of fuzzy real numbers is said to be convergent to the fuzzy real number X 0 , if for every ε > 0, there exists k 0 ∈ N such that Binod Chandra Tripathy and Amar Jyoti Duttā
We denotes the set of sequences of fuzzy real numbers by E F . We recall the following definitions: Definition 2.1. A fuzzy real-valued sequence space E F is said to be nor-
Definition 2.2. A fuzzy real-valued sequence space E F is said to be symmetric if (X π(k) ) ∈ E F , whenever (X k ) ∈ E F , where π is a permutation of N .
By a lacunary θ = (k r )(r = 0, 1, 2, 3, ......) where k 0 = 0, we mean an increasing sequence of non-negative integers with h r = k r − k r−1 → ∞ as r → ∞. The interval determined by is given by J r = (k r−1 , k r ] and the ratio
is denoted by q r .
The space of lacunary strongly convergent sequence N θ was defined by Freedman, Sember and Rapheal [6] as follows:
The space of lacunary strongly convergent sequences, which is convergent to 0 is given by
There is relation between the space N θ and the space |σ 1 | of strongly Cesàro summable sequences. The space |σ 1 | is defined by
In special case when θ = (2 r ), N θ = |σ 1 |. The concept of statistical convergence in terms of lacunary sequences was studied by Fridy and Orhan [5] . The classes of lacunary fuzzy sequences was studied by Altinok, Altin and Et. [1] , Altin, Et. and Colak [2] , Bligin [4] , Nuray [8] , Tripathy and Dutta [26] and others.
The notion of I-convergence of real valued sequence was studied by Kostyrko, Salát and Wilczyński [7] , Salat, Tripathy and Ziman ( [9] , [10] ), Tripathy and Hazarika ( [19] , [20] , [21] ), Tripathy and Mahanta [22] and many others.
Definition 2.5. Let X be a non-empty set, then a non-void class I ⊂ P (X) (power set of X) is called an ideal if (i) Φ ∈ I, (ii) I is additive i.e. A, B ∈ I ⊂ A ∪ B ∈ I and (iii)I is hereditary i.e. A ∈ I and B ⊂ A ⇒ B ∈ I.
An ideal I is said to be non-trivial if I 6 = Φ and X / ∈ I. Definition 2.6. A non-trivial ideal I is said to be admissible if I contains all singleton subsets of X i.e. {x} ∈ I for every x ∈ X.
Definition 2.7. A non-trivial ideal I is said to be maximal if there does not exist any non-trivial ideal J 6 = I containing I as a subset.
Definition 2.8. Let X be a non-empty set then a non-void class F ⊂ P (X) is said to be a filter on X if and only if (i) ∅ / ∈ F ; (ii) For each A, B ∈ F ⇒ A ∩ B ∈ F and (iii)A ∈ F, A ⊂ B ⇒ B ⊂ F . For any ideal I there is a filter F (I) corresponding to I given by
Some particular cases of I -convergence of sequences are as follows:
(a) If we take I = I f = {A ⊂ N : A is a finite subset}. Then I f is a non-trivial admissible ideal and the corresponding convergence is the usual convergence of sequences. 
Then is a non-trivial admissible ideal and the corresponding convergence as the logarithmic convergence of sequences.
Let θ = (k r ) be a lacunary sequence. Then a sequence (x k ) is said to be lacunary I-convergent to L if for every ε > 0,
Let θ = (k r ) be a lacunary sequence. Then a sequence (x k ) is said to be lacunary I-null if L = 0. We write it as I θ − lim x k = 0.
Let θ = (k r ) be a lacunary sequence. Then a sequence (x k ) is said to be lacunary I-Cauchy if there is a subsequence (x k r ) of (x k ) such that k r ∈ I r , for each r and for every ε > 0 such that
A lacunary sequenceθ = (ḱ r ) is said to be a lacunary refinement of the lacunary sequence θ = (k r ) if (k r ) ⊂ (ḱ r ).
We defined the above definitions for fuzzy real-valued sequences. Definition 2.9. Let θ = (k r ) be a lacunary sequence. Then a sequence (X r ) of fuzzy real numbers is said to be lacunary I-convergent to a fuzzy real number L if for every ε > 0, such that
Definition 2.10. Let θ = (k r ) be a lacunary sequence. Then a sequence (X k ) of fuzzy real numbers is said to be lacunary I-Cauchy if there is a subsequence (X k r ) of (X k ) such that k r ∈ I r , for each r and for every ε > 0 such that
Throughout (c I 0 ) F θ and (c I ) F θ will represents respectively the sets of lacunary I-null and lacunary I-convergent sequences of fuzzy real numbers and I is neither maximal nor finite.
Main results
Theorem 3.1. Let (X k ) and (Y k ) be sequences of fuzzy real numbers.
Now for a given ε > 0.
Hence it follows that I θ − lim c X k = c X 0 .
Hence it follows that
Proof.
Then the sets A = n r ∈ N :
contained in the filter F (I). Now consider the set C = n r ∈ N :
and since A∩B ∈ F (I) ⇒ C ∈ F (I). Thus C = n r ∈ N :
This completes the proof. 
where h r = k r − k r−1 ,h r,i =ḱ r,i −ḱ r,i−1 andh r,1 =ḱ r,1 −ḱ r−1,1 . Now for each ε > 0, we have n r ∈ N :
This completes the proof. Proof. The proof follows from the following example: Example 3.1. Let I 6 = I f and θ = (3 r ) be a lacunary sequence. Consider (X k ) ∈ Z, where Z = (c I 0 ) F θ , (c I ) F θ defined as follows:
Now consider the rearrangement (Y k ) of (X k ) defined as follows
We observe that (
This completes the proof. Proof. The proof follows from the following example.
Example 3.2. Let I 6 = I f and θ = (3 r ) be a lacunary sequence. Consider the fuzzy real-valued sequence (X k ) defined as follows:
and
It is clear that (X k ) ∈ Z, for Z = (c I 0 ) F θ , (c I ) F θ . Proof. We shall prove for the space (c I ) F θ and for the other space it can be prove similarly. The proof follows from the following example. Y k =1 for k 6 = i 2 , i ∈ N.
We observe that (X k ), (Y k ) ∈ (c I ) F θ and (X k N Y k ) / ∈ (c I ) F θ . This completes the proof.
